In this study, we present a curve of the starting rolling displacement, which considers the starting region in which the rolling friction force depends on the displacement. We then analyze the nonlinear vibration of a one degree-of-freedom system with rolling friction force depending on the displacement. From the analytical results, it was found that a stopping motion is recognized below the resonance point, and above the resonance point, the vibration wave shows a clear sinusoidal. The parameter m that shows the energy loss in a system using a curve of the starting rolling displacement greatly affects the vibration characteristics, and the different characteristics appear in the case of m ≧ 2 and m < 2.
Introduction
Basic studies are being promoted to clarify the mechanisms causing rolling friction. So far, adhesion, slippage, and elastic hysteresis loss have been investigated (1) . The previous studies have also clarified a very small area where the friction force increases like the exponential function with the rolling distance at the start of rolling (1) - (3) . Since rolling friction is much smaller than sliding friction in fields of engineering, the rolling contact mechanism is widely used for the sliding parts of machines requiring low friction. Also, the rolling-accompanied system behaviors are becoming very important in abrasion, rolling fatigue problems and precise decision.
For vibration analyses considering friction, the friction force is commonly used as constant value. However, as the starting displacement becomes as small as tens of microns, it becomes difficult to consider the friction force as a constant because there is a region dependent on the displacement. In this study, therefore, displacement-dependent friction force is expressed with a starting rolling displacement curve (3) by considering the starting rolling displacement region where the friction force is dependent on the displacement. Since this expression becomes a nonlinear equation, a numerical analysis such as the Runge-Kutta method is necessary. Then, the 4th-degree Runge-Kutta method is used, the vibration waveform, FFT analysis and phase plane and so on are investigated to clarify the vibration characteristics of a system with a starting rolling displacement.
Starting Rolling Displacement Curve
To express the displacement-dependent friction force in the region of the starting rolling displacement, the following starting rolling displacement curve, which is originally presented, is used (3) . where ξ=x/x c and g(ξ)=f(x)/f c . f(x) is the rolling friction force dependent on the displacement, f c is the constant friction force when the displacement has increased,
x is the rolling distance，x c is the width of the region of the starting rolling displacement. Fig. 1 shows the calculated examples of the starting rolling displacement curve expressed by Eq.(1). As we can see from Fig. 1 , the parameter m characterizes the size of the hysteresis loop area formed within the starting rolling displacement area, and m also represents the intensity of the energy loss. As the m value becomes smaller, the hysteresis loop area increases. It was confirmed experimentally that the rolling friction force could be basically expressed by a curve of m = 2 (2) . When m = 1, the friction force is constant and does not depend on the displacement. 
Equation of Motion
The vibration model is a 1-DOF system where mass M is coupled with the base through a linear spring of the spring constant k. Mass M is affected not only by the spring force (restoring force) but also by the external exciting force Psin(ωt) and the rolling friction force F(z). The free damped vibration with the rolling friction force F(z) was analyzed by considering the starting rolling displacement, as already reported (4) .The equation of motion of this system can be expressed as
F(z), representing the friction force, can be expressed as
Where z, introduced to calculate the displacement-dependent friction force, represents the rolling distance from the origin, where the direction of the movement of the mass is inverted. The sign of the friction force is -F(z) when the mass moves in the positive direction of the x axis and +F(z) when it moves in the negative direction. Eq. (2), where ω n 2 =k/M, X s =P/k, and α=f c /P, can be made dimensionless with X=x/X s and Z=z/X s as
The analysis of the nonlinear vibration equation and that of the system with a friction have been introduced so far (5) (6) (7) . The study on the steady-state response of a system with a micro slip friction is also made (8) . In this study, the 4th-degree Runge-Kutta method is used for analysis with Eq. (4). For analysis of a friction system, the time step needs to be short. Here, the time step for the stationary state is set to 1/6000 of the frequency of excitation in case of ω/ω n <1, and 1/12000 of the frequency of excitation in case of ω/ω n ≧1.
Results of Numerical Analysis
This section gives the results of the numerical analysis. For numerical calculation, the initial displacement X 0 is 0 and the initial velocity dX 0 /dt is 0. It is known that a system is affected by friction force, and it shows a stopping motion in the region where the resonance point is below the vibration frequency ratio (9) (10)(11) (12) . And the stopping motion in the nonlinear vibration such as Duffing's equation (13) is also observed. Fig. 2 shows the vibration waveform, the friction force, the phase plane and the FFT analytical result when the vibration frequency ratio Ω=ω/ω n is 0.3 below the resonance point and 1.5 above the resonance point. The curvature parameter m is 2 and the ratio α of the friction force to the external force is 0.5.
As we can see from the results of this analysis, when the vibration frequency ratio Ω=ω/ω n in Fig. 2(a) is 0.3 below the resonance point, the flat portion of waveform has occurred and the waveform don't show smooth sinusoidal curve.
As shown from the phase plane of Ω=0.3, we can observe the vibration behaviors that the velocity becomes almost constant or close to 0. This indicates that a stopping motion is produced during the vibration. From the analytical results of Ω=1.5 above the resonance point, it can be known that the vibration waveform becomes clearly sinusoidal and the phase plane becomes elliptic. In the FFT analysis, the frequency of an odd multiple of the externally excited frequency Ω=0. 3 and Ω=1.5 appeared. It is well known that the Fourier series for constant friction force is represented by only the odd terms. When the one period is also constituted by two straight line, (f(x)=x: 0<t<1, f(x)=-x+1: 1<t<2), the Fourier series of this function is represented by the odd terms. The terms of odd frequency might appear in system of the rolling friction force depending on the displacement. This is a characteristic of nonlinear vibration. In Fig.3 and 4 to make clear the vibration characteristics, the change of acceleration, velocity, spring force and friction force are shown between 1 cycle. Simultaneously, the vibration waveform, the phase plane and FFT analysis are together shown in Fig.3 . Here, the parameter m, representing the intensity of the energy loss, is set to 1.2 and α(=fc/P) is set to 0.9. Fig. 3 shows the case of vibration frequency ratio Ω = 0.3 as an example of obvious stopping motion. In this case, the friction force F(z) changes in the stairs state with time at the inverse position and becomes smoothly with the passage of time.
In the case of vibration frequency ratio Ω = 0.3, we can also see stopping motion in the region where the acceleration is producing damped vibration. The velocity is also producing a vibration, while it is accompanied by the stopping motion at the inverse position. Fig.4 shows the case of Ω =1.5 that the vibration wave is sinusoidal. In this case 
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Vol. 2, No. 1, 2008 the change of velocity becomes smoothly, the acceleration does not show a damped vibration when the direction of movement is inverted. This is because the acceleration is greater than the friction. Thus, in a region of stopping motion, the change of acceleration exceeds 0 and the acceleration shows the damped vibration at the inverse position as shown in Fig.3(b) . Change of the displacement, velocity and sum of three force (friction force, spring force, external force) are shown in Fig.5 . As shown in figure, there are two cases in which the three force becomes 0.. One is the case that the velocity becomes 0 and another is the case that the velocity gradient (the acceleration) becomes 0. When the velocity becomes 0, the movement of displacement is observed as if the displacement does not change with the passage of time. The resonance curve is shown in Fig. 6 . Fig. 6(a) shows the resonance curve after setting the energy loss parameter m to 2.0 and varying the ratioαof the friction force to the external force as the parameter. As the value ofα, representing friction force, becomes greater, the value of the amplitude is smaller, and the resonance curve shows disturbance in the region where the vibration frequency ratio, representing stopping motion, is small. The clear occurrence of disturbance, the displacement amplitude increases like as a projection, are near Ω=0.5. In the region where the vibration frequency ratio exceeds the resonance point, the displacement amplitude varies very smoothly, the resonance curve is not disturbed and the displacement waveform is close enough to be a sinusoidal wave, as the example of Ω=1.5 is already shown in Fig.4 . The resonance point shifts to larger frequency as the α value increases. Fig. 6(b) , in which the influence of parameter m is remarkable, shows the resonance curve drawn by setting α to 0.9 and varying the m value as the parameter. Since the energy loss diminishes as the m value increases, the amplitude at the resonance point becomes large. The resonance point shifts to larger frequency as the m value increases. Though the resonance curve is disturbed at near Ω=0.5, the disturbance is small because of the large value of α=0.9, which indicates the friction force. amplitude where 0 ≤ X ≤ 1 is the starting rolling displacement region. S/X 2 implies a loss factor. As shown from Fig.7 , we see that the loss factor increases as the amplitude diminishes when m < 2, but the loss factor shows a maximum value during vibration about the starting rolling displacement when m > 2. The loss factor changes as the standard for m = 2.
In Fig.8 and Fig.9 , the vibration characteristics about the starting rolling displacement have been investigated. Fig.8(a),(b) show the displacement wave , the friction force and the phase plane. The value of Ω is 0.1. In order to compare the effect of the system behaviors when m < 2 and m > 2, the result of m=1.4 is shown in Fig.8(a) and m=5 is shown in Fig.8(b) . From left side of Figure, the α value is 0.01, 0.5, and 0.9, and the positions of amplitude are described in symbol △,▽, as already shown in Fig.7 .
In case ofΩ=0.1, m=1.4 when the α value increases, the value of displacement amplitude decreases, and the area of hysteresis loop also decreases. The form of the ellipse in phase plane is distorted with increasing the α value. Though the same characteristics are also producing in case of m=5, the contour of ellipse drawn in phase plane undulates atα=0.5, and the stopping motion occurs obviously, where the vibration is at the starting rolling displacement of -0.5 ≤ X ≤0.5, as shown in Fig.8(b)(ⅱ) . When m > 2, the loss factor shows maximal during vibration at the starting rolling displacement. In case of Ω=0.1 below the resonance point, when the value of α becomes large, a stopping motion remarkably arises.
The vibration characteristics in case of Ω=1.5, where the vibration frequency ratio exceeds the resonance point, are shown in Fig.9 . In this region the waveform and the phase plane varies smoothly. As discussed above, if the friction force is expressed by a starting rolling displacement curve, the system vibration characteristics tend to change before and after m = 2. The parameter m that shows the energy loss in a system using a curve of the starting rolling displacement greatly affects the vibration characteristics, and the different characteristics appear in the case of m ≧ 2 and m < 2. The stopping motion occurs in the region where the vibration frequency ratio is below the resonance point, but not where the ratio is above the resonance point where the waveform becomes clearly sinusoidal.
Conclusion
In this study, a starting rolling displacement curve was introduced to express displacement dependent friction force, and the vibration under the effect of rolling friction accompanied by starting rolling displacement was numerically analyzed to study the vibration characteristics. This clarified that stopping motion occurs in the region where the vibration frequency ratio is below the resonance point, but not where the ratio is above the resonance point where the waveform becomes clearly sinusoidal. In a region of stopping motion, the change of acceleration exceeds 0 and the acceleration shows a damped vibration at the inverse position. The sum of friction force, spring force, external force become 0, and the velocity also becomes 0. This study clarified that the system vibration characteristics change, depending on whether the parameter m contained in the starting roll displacement curve is smaller or greater than 2.
